
MAT 240 — 31 Gradient fields, part 2 Page 1 of 4

Problem 1: For parts (a)-(f), does the vector field appear to be conservative?

(a) blank
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Figure 18.30: The path C′ + Ly + Lx is used

to show fx = F1

P

Q = (x0, y0)

C′ Kx

Ky(a, b)

(x0, b)

✕

✲ ✻

Figure 18.31: The path C′ + Kx + Ky is used

to show fy = F2

The first two integrals do not involve x0. Thinking of x0 as a variable and differentiating with
respect to it gives

fx0(x0, y0) =
∂

∂x0

∫

C′
F⃗ · dr⃗ +

∂

∂x0

∫ y0

b

F2(a, y)dy +
∂

∂x0

∫ x0

a

F1(x, y0)dx

= 0 + 0 + F1(x0, y0) = F1(x0, y0),

and thus
fx(x, y) = F1(x, y).

A similar calculation for y using the path from P to Q shown in Figure 18.31 gives

fy0(x0, y0) = F2(x0, y0).

Therefore, as we claimed,

gradf = fx⃗i + fy j⃗ = F1⃗i + F2j⃗ = F⃗ .

Exercises and Problems for Section 18.3

Exercises

1. If F⃗ = grad(x2 + y4), find
∫

C
F⃗ · dr⃗ where C is the

quarter of the circle x2 + y2 = 4 in the first quadrant,

oriented counterclockwise.

2. If F⃗ = grad(sin(xy) + ez), find
∫

C
F⃗ · dr⃗ where C

consists of a line from (0, 0, 0) to (0, 0, 1) followed by a

line to (0,
√

2, 3), followed by a line to (
√

2,
√

5, 2).

In Exercises 3–6, let C be the curve consisting of a square of

side 2, centered at the origin with sides on the lines x = ±1,

y = ±1 and traversed counterclockwise. What is the sign of

the line integrals of the vector fields around the curve C? In-

dicate whether each vector field is path-independent.

3.

x

y 4.

x

y

5.

x

y 6.

x

y

In Exercises 7–12, does the vector field appear to be path-

independent (conservative)?

7. 8.
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In Exercises 3–6, let C be the curve consisting of a square of

side 2, centered at the origin with sides on the lines x = ±1,

y = ±1 and traversed counterclockwise. What is the sign of

the line integrals of the vector fields around the curve C? In-

dicate whether each vector field is path-independent.
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In Exercises 7–12, does the vector field appear to be path-

independent (conservative)?

7. 8.

(c) blank
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9. 10.

11. 12.

13. Find f if grad f = 2xy⃗i + x2j⃗ .

14. Find f if grad f = 2xy⃗i + (x2 + 8y3)⃗j .

15. Find f if grad f = (yzexyz + z2 cos(xz2))⃗i +

xzexyzj⃗ + (xyexyz + 2xz cos(xz2))k⃗ .

16. Let f(x, y, z) = x2 + 2y3 +3z4 and F⃗ = grad f . Find∫
C

F⃗ · dr⃗ where C consists of four line segments from

(4, 0, 0) to (4, 3, 0) to (0, 3, 0) to (0, 3, 5) to (0, 0, 5).

In Exercises 17–25, use the Fundamental Theorem of Line In-

tegrals to calculate
∫

C
F⃗ · dr⃗ exactly.

17. F⃗ = 3x2⃗i +4y3j⃗ around the top of the unit circle from

(1, 0) to (−1, 0).

18. F⃗ = (x+2)⃗i +(2y +3)⃗j and C is the line from (1, 0)
to (3, 1).

19. F⃗ = 2 sin(2x+y)⃗i +sin(2x+y)⃗j along the path con-

sisting of a line from (π, 0) to (2, 5) followed by a line

to (5π, 0) followed by a quarter circle to (0, 5π).

20. F⃗ = 2x⃗i − 4yj⃗ + (2z − 3)k⃗ and C is the line from

(1, 1, 1) to (2, 3, −1).

21. F⃗ = x2/3⃗i + e7y j⃗ , and C is the unit circle oriented

clockwise.

22. F⃗ = x2/3⃗i + e7y j⃗ , and C is the quarter of the unit

circle in the first quadrant, traced counterclockwise from

(1, 0) to (0, 1).

23. F⃗ = yexy⃗i + xexyj⃗ + (cos z)k⃗ along the curve con-

sisting of a line from (0, 0, π) to (1, 1, π) followed by

the parabola z = πx2 in the plane y = 1 to the point

(3, 1, 9π).

24. F⃗ = y sin(xy)⃗i + x sin(xy)⃗j and C is the parabola

y = 2x2 from (1, 2) to (3, 18).

25. F⃗ = 2xy2zex2y2z⃗i + 2x2yzex2y2z j⃗ + x2y2ex2y2z k⃗
and C is the circle of radius 1 in the plane z = 1, centered

on the z-axis, starting at (1, 0, 1) and oriented counter-

clockwise viewed from above.

Problems

26. Let v⃗ = grad(x2 + y2). Consider the path C which is a

line between any two of the following points:

(0, 0); (5, 0); (−5, 0); (0, 6); (0, −6); (5, 4); (−3, −5).
Suppose you want to choose the path C in order to max-

imize
∫

C
v⃗ · dr⃗ . What point should be the start of C?

What point should be the end of C? Explain your answer.

27. Let F⃗ = grad(2x2 +3y2). Which one of the three paths

PQ, QR, and RS in Figure 18.32 should you choose as

C in order to maximize
∫

C
F⃗ · dr⃗ ?
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Figure 18.32

28. Compute

∫

C

(
cos(xy)esin(xy)(y⃗i + xj⃗ ) + k⃗

)
· dr⃗

where C is the line from (π, 2, 5) to (0.5, π, 7).

29. The vector field F⃗ (x, y) = x⃗i +yj⃗ is path-independent.

Compute geometrically the line integrals over the three

paths A, B, and C shown in Figure 18.33 from (1, 0)
to (0, 1) and check that they are equal. Here A is a por-

tion of a circle, B is a line, and C consists of two line

segments meeting at a right angle.
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Figure 18.33
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Problem 2: The figure below shows the vector field ~F (x, y) =
[
0 x

]T
. Find paths C1, C2, and

C3 from P to Q such that∫
C1

~F · d~r = 0,
∫

C2

~F · d~r > 0,
∫

C3

~F · d~r < 0.

Is ~F a gradient field?
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47. Figure 18.37 shows the vector field F⃗ (x, y) = xj⃗ .

(a) Find paths C1, C2, and C3 from P to Q such that

∫

C1

F⃗ ·dr⃗ = 0,

∫

C2

F⃗ ·dr⃗ > 0,

∫

C3

F⃗ ·dr⃗ < 0.

(b) Is F⃗ a gradient field? Explain.

x

y

Q P

Figure 18.37

48. (a) Figure 18.38 shows level curves of f(x, y). Sketch

a vector at P in the direction of grad f .

(b) Is the length of grad f at P longer, shorter, or the

same length as the length of grad f at Q?

(c) If C is a curve going from P to Q, evaluate∫
C

grad f · dr⃗ .

P

Q

1
3
5 7

9

x

y

Figure 18.38

49. Consider the line integrals,
∫

Ci
F⃗ ·dr⃗ , for i = 1, 2, 3, 4,

where Ci is the path from Pi to Qi shown in Figure 18.39

and F⃗ = grad f . Level curves of f are also shown in

Figure 18.39.

(a) Which of the line integral(s) is (are) zero?

(b) Arrange the four line integrals in ascending order

(from least to greatest).

(c) Two of the nonzero line integrals have equal and op-

posite values. Which are they? Which is negative

and which is positive?

P1
P2

P3

P4

Q1

Q2

Q3

Q4 ✻

Increasing
values of f

Figure 18.39

50. Consider the vector field F⃗ shown in Figure 18.40.

C

x

y

Figure 18.40

(a) Is
∫

C
F⃗ · d⃗r positive, negative, or zero?

(b) From your answer to part (a), can you determine

whether or not F⃗ = grad f for some function f?

(c) Which of the following formulas best fits F⃗ ?

F⃗1 =
x

x2 + y2
i⃗ +

y

x2 + y2
j⃗ ,

F⃗2 = −y⃗i + xj⃗ ,

F⃗3 =
−y

(x2 + y2)2
i⃗ +

x

(x2 + y2)2
j⃗ .

51. If F⃗ is a path-independent vector field, with∫ (1,0)

(0,0)
F⃗ · dr⃗ = 5.1 and

∫ (1,1)

(1,0)
F⃗ · dr⃗ = 3.2 and

∫ (1,1)

(0,1)
F⃗ · dr⃗ = 4.7, find

∫ (0,0)

(0,1)

F⃗ · dr⃗ .

52. The path C is a line segment of length 10 in the plane

starting at (2, 1). For f(x, y) = 3x + 4y, consider

∫

C

grad f · dr⃗ .

(a) Where should the other end of the line segment C be

placed to maximize the value of the integral?

(b) What is the maximum value of the integral?

Problem 3: Prove that ~F (x, y) = 2xy~i + xy~j is not conservative.

Problem 4: Show that the field
~F (x, y) = −y~i + x~j

x2 + y2

has zero curl on its domain (the plane with the origin removed), but is not conservative.
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Problem 5: Decide which of the following vector fields are conservative. For the ones that are
conservative, find a potential function.

(a) ~F (x, y) = y~i − x~j

(b) ~F (x, y) = 2xy~i + x2~j
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(c) ~F (x, y) = (2xy3 + y)~i + (3x2y2 + x)~j

(d) ~F (x, y) = x~i + y~j

x2 + y2


