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Problem 1: Using the diagram below, write down equations that relate the spherical coordinates
(ρ, θ, φ) of a point to its cartesian (rectangular) coordinates (x, y, z).

16.5 INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES 899

Spherical Coordinates
In Figure 16.44, the point P has coordinates (x, y, z) in the Cartesian coordinate system. We define

spherical coordinates ρ, φ, and θ for P as follows: ρ =
√

x2 + y2 + z2 is the distance of P from
the origin; φ is the angle between the positive z-axis and the line through the origin and the point
P ; and θ is the same as in cylindrical coordinates.
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Figure 16.44: Spherical coordinates: (ρ, φ, θ)

In cylindrical coordinates,

x = r cos θ, and y = r sin θ, and z = z.

From Figure 16.44 we have z = ρ cosφ and r = ρ sinφ, giving the following relationship:

Relation Between Cartesian and Spherical Coordinates

Each point in 3-space is represented using 0≤ ρ < ∞, 0≤ φ ≤ π, and 0≤ θ ≤ 2π.

x = ρ sin φ cos θ

y = ρ sin φ sin θ

z = ρ cosφ.

Also, ρ2 = x2 + y2 + z2.

This system of coordinates is useful when there is spherical symmetry with respect to the ori-
gin, either in the region of integration or in the integrand. The fundamental surfaces in spherical
coordinates are ρ = k (a constant), which is a sphere of radius k centered at the origin, θ = k (a
constant), which is the half-plane with its edge along the z-axis, and φ = k (a constant), which is a
cone if k ̸= π/2and the xy-plane if k = π/2. (See Figures 16.45–16.47.)
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Figure 16.45: The surfaces ρ = 1 and
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Figure 16.46: The surfaces

θ = π/4 and θ = 3π/4
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Figure 16.47: The surfaces φ = π/6 and

φ = 2π/3

Problem 2:
(a) Plot the point with spherical coordinates (2, π/4, π/3) and find its cartesian coordinates.

(b) Find the spherical coordinates of the point with cartesian coordinates (0, 2
√

3,−2).

Problem 3:
(a) Describe the equation whose equation in spherical coordinates is ρ = 1.

(b) Give an equation in spherical coordinates for the cone z =
√
x2 + y2.

(c) Give an equation in spherical coordinates for the plane z = 10.
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Problem 4: Using the diagram below, express the volume element dV in spherical coordinates.
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Integration in Spherical Coordinates
To use spherical coordinates in triple integrals we need to express the volume element, dV , in
spherical coordinates. From Figure 16.48, we see that the volume element can be approximated by
a box with curved edges. One edge has length ∆ρ. The edge parallel to the xy-plane is an arc of
a circle made from rotating the cylindrical radius r (= ρ sinφ) through an angle ∆θ, and so has
length ρ sinφ∆θ. The remaining edge comes from rotating the radius ρ through an angle ∆φ, and
so has length ρ ∆φ. Therefore, ∆V ≈ ∆ρ(ρ ∆φ)(ρ sin φ∆θ) = ρ2 sin φ∆ρ ∆φ∆θ.
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Figure 16.48: Volume element in spherical coordinates

Thus,

When computing integrals in spherical coordinates, put dV = ρ2 sin φdρ dφ dθ. Other orders
of integration are also possible.

Example 4 Use spherical coordinates to derive the formula for the volume of a ball of radius a.

Solution In spherical coordinates, a ball of radius a is described by the inequalities 0 ≤ ρ ≤ a, 0 ≤ θ ≤ 2π,
and 0 ≤ φ ≤ π. Note that θ goes from 0 to 2π, whereas φ goes from 0 to π. We find the volume by
integrating the constant density function 1 over the ball:
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Example 5 Find the magnitude of the gravitational force exerted by a solid hemisphere of radius a and constant
density δ on a unit mass located at the center of the base of the hemisphere.

Solution Assume the base of the hemisphere rests on the xy-plane with center at the origin. (See Fig-
ure 16.49.) Newton’s law of gravitation says that the force between two masses m1 and m2 at a
distance r apart is F = Gm1m2/r2, where G is the gravitation constant.

In this example, symmetry shows that the net component of the force on the particle at the
origin due to the hemisphere is in the z direction only. Any force in the x or y direction from some
part of the hemisphere is canceled by the force from another part of the hemisphere directly opposite
the first.

To compute the net z-component of the gravitational force, we imagine a small piece of the
hemisphere with volume ∆V , located at spherical coordinates (ρ, θ, φ). This piece has mass δ∆V ,
and exerts a force of magnitude F on the unit mass at the origin. The z-component of this force

Problem 5: For each object below, set up a triple integral of a function f over the object.

(a) blank
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In Exercises 10–11, evaluate the triple integrals in spherical

coordinates.

10. f(ρ, θ, φ) = sin φ, over the region 0 ≤ θ ≤ 2π,

0 ≤ φ ≤ π/4, 1 ≤ ρ ≤ 2.

11. f(x, y, z) = 1/(x2 + y2 + z2)1/2 over the bottom half

of the sphere of radius 5 centered at the origin.

For Exercises 12–18, choose coordinates and set up a triple

integral, including limits of integration, for a density function

f over the region.
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Problems

19. Write a triple integral in cylindrical coordinates giving

the volume of a sphere of radius K centered at the ori-

gin. Use the order dz dr dθ.

20. Write a triple integral in spherical coordinates giving the

volume of a sphere of radius K centered at the origin.

Use the order dθ dρ dφ.

If W is the region in Figure 16.50, what are the limits of inte-

gration in Exercises 21–23?
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Figure 16.50: Cone with flat top,

symmetric about z-axis
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f(r, θ, z)r dz dr dθ
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For the regions W shown in Problems 24–26, write the limits

of integration for
∫

W
dV in the following coordinates:

(a) Cartesian (b) Cylindrical (c) Spherical
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(b) A piece of a sphere, angle at the center is π/3.
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In Exercises 10–11, evaluate the triple integrals in spherical

coordinates.

10. f(ρ, θ, φ) = sin φ, over the region 0 ≤ θ ≤ 2π,

0 ≤ φ ≤ π/4 , 1 ≤ ρ ≤ 2 .

11. f(x, y, z) = 1/(x2 + y2 + z2)1/2 over the bottom half

of the sphere of radius 5 centered at the origin.

For Exercises 12–18, choose coordinates and set up a triple

integral, including limits of integration, for a density function

f over the region.

12.

5

31

✛

✛✛

✛✛✛
13.

✻
❄
1

✲✛ 4

14.

✛

✛2

✛

✛

4

❄

π/2

15.

2

3

✛

✛
✛

✛

16. A piece of a sphere; angle at the center is π/3 .

✛

✛

3

17.

✛

✛

2 cm

✛

✛

5 cm

✛

✛

1 cm

18.

✛

✛

4

✻

❄

2

Problems

19. Write a triple integral in cylindrical coordinates giving

the volume of a sphere of radius K centered at the ori-

gin. Use the order dz dr dθ.

20. Write a triple integral in spherical coordinates giving the

volume of a sphere of radius K centered at the origin.

Use the order dθ dρ dφ.

If W is the region in Figure 16.50, what are the limits of inte-

gration in Exercises 21–23?
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Figure 16.50: Cone with flat top,

symmetric about z-axis
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For the regions W shown in Problems 24–26, write the limits

of integration for
∫
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dV in the following coordinates:

(a) Cartesian (b) Cylindrical (c) Spherical
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In Exercises 10–11, evaluate the triple integrals in spherical

coordinates.

10. f(ρ, θ, φ) = sin φ, over the region 0 ≤ θ ≤ 2π,

0 ≤ φ ≤ π/4, 1 ≤ ρ ≤ 2.

11. f(x, y, z) = 1/(x2 + y2 + z2)1/2 over the bottom half

of the sphere of radius 5 centered at the origin.

For Exercises 12–18, choose coordinates and set up a triple

integral, including limits of integration, for a density function

f over the region.
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Problems

19. Write a triple integral in cylindrical coordinates giving

the volume of a sphere of radius K centered at the ori-

gin. Use the order dz dr dθ.

20. Write a triple integral in spherical coordinates giving the

volume of a sphere of radius K centered at the origin.

Use the order dθ dρ dφ.

If W is the region in Figure 16.50, what are the limits of inte-

gration in Exercises 21–23?
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symmetric about z-axis
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For the regions W shown in Problems 24–26, write the limits

of integration for
∫
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dV in the following coordinates:

(a) Cartesian (b) Cylindrical (c) Spherical
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Problem 6: Evaluate ∫
W

sin (φ) dV

where W is the region 0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π/4, and 1 ≤ ρ ≤ 2.

Problem 7: Compute the volume of the solid pictured below.
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(b) Suppose the ball is cut in half. Write inequalities that
describe one of the halves.

17–18 Sketch the solid whose volume is given by the integral 
and evaluate the integral.

17.

18.

19–20 Set up the triple integral of an arbitrary continuous function
in cylindrical or spherical coordinates over the solid

shown.

19. 20.

21–34 Use spherical coordinates.

21. Evaluate , where is the ball with 
center the origin and radius 5.

22. Evaluate , where is the solid
hemisphere , .

23. Evaluate , where lies between the spheres
and .

24. Evaluate , where is the solid hemisphere
, .

25. Evaluate , where is the portion of the unit
ball that lies in the first octant.

26. Evaluate , where lies between the spheres 
and and above the cone .

27. Find the volume of the part of the ball that lies between
the cones and .

28. Find the average distance from a point in a ball of radius to
its center.

29. (a) Find the volume of the solid that lies above the cone
and below the sphere .

(b) Find the centroid of the solid in part (a).

30. Find the volume of the solid that lies within the sphere
, above the -plane, and below the cone

.

31. (a) Find the centroid of the solid in Example 4.
(b) Find the moment of inertia about the -axis for this solid.
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32. Let be a solid hemisphere of radius whose density at any
point is proportional to its distance from the center of the base.
(a) Find the mass of .
(b) Find the center of mass of .
(c) Find the moment of inertia of about its axis.

33. (a) Find the centroid of a solid homogeneous hemisphere of
radius .

(b) Find the moment of inertia of the solid in part (a) about a
diameter of its base.

34. Find the mass and center of mass of a solid hemisphere of
radius if the density at any point is proportional to its 
distance from the base.

35–38 Use cylindrical or spherical coordinates, whichever seems
more appropriate.

35. Find the volume and centroid of the solid that lies 
above the cone and below the sphere

.

36. Find the volume of the smaller wedge cut from a sphere of
radius by two planes that intersect along a diameter at an
angle of .

37. Evaluate , where lies above the paraboloid 
and below the plane . Use either the

Table of Integrals (on Reference Pages 6–10) or a computer
algebra system to evaluate the integral.

38. (a) Find the volume enclosed by the torus .
(b) Use a computer to draw the torus.

39–41 Evaluate the integral by changing to spherical coordinates.

39.

40.

41.

42. A model for the density of the earth’s atmosphere near its
surface is

where (the distance from the center of the earth) is mea-
sured in meters and is measured in kilograms per cubic
meter. If we take the surface of the earth to be a sphere with
radius 6370 km, then this model is a reasonable one for

. Use this model to estimate
the mass of the atmosphere between the ground and an altitude
of 5 km.

; 43. Use a graphing device to draw a silo consisting of a cylinder
with radius 3 and height 10 surmounted by a hemisphere.
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Problem 8: Evaluate ∫
W

(x2 + y2) dV,

where W lies between the spheres x2 + y2 + z2 = 4 and x2 + y2 + z2 = 9.


