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Problem 1: Using the diagram below, write down equations that relate the cylindrical coordinates
(r, θ, z) of a point to its cartesian (rectangular) coordinates (x, y, z).
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In Problems 39–40, give an example of:

39. A region R of integration in the first quadrant which sug-

gests the use of polar coordinates.

40. An integrand f(x, y) that suggests the use of polar coor-

dinates.

41. Which of the following integrals give the area of the unit

circle?

(a)

∫ 1

−1

∫ √
1−x2

−
√

1−x2

dy dx (b)

∫ 1

−1

∫ √
1−x2

−
√

1−x2

x dy dx

(c)

∫ 2π

0

∫ 1

0

r dr dθ (d)

∫ 2π

0

∫ 1

0

dr dθ

(e)

∫ 1

0

∫ 2π

0

r dθ dr (f)

∫ 1

0

∫ 2π

0

dθ dr

42. Describe the region of integration for
∫ π/2

π/4

∫ 4/ sin θ

1/ sin θ
f(r, θ)r dr dθ.

16.5 INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES

Some double integrals are easier to evaluate in polar, rather than Cartesian, coordinates. Similarly,
some triple integrals are easier in non-Cartesian coordinates.

Cylindrical Coordinates
The cylindrical coordinates of a point (x, y, z) in 3-space are obtained by representing the x and y
coordinates in polar coordinates and letting the z-coordinate be the z-coordinate of the Cartesian
coordinate system. (See Figure 16.37.)

Relation Between Cartesian and Cylindrical Coordinates

Each point in 3-space is represented using 0≤ r < ∞, 0≤ θ ≤ 2π, −∞ < z < ∞.

x = r cos θ,

y = r sin θ,

z = z.

As with polar coordinates in the plane, note that x2 + y2 = r2.

x

y

z

θ r

(r, θ, 0)

P = (r, θ, z)

z

Figure 16.37: Cylindrical

coordinates: (r, θ, z)

A useful way to visualize cylindrical coordinates is to sketch the surfaces obtained by setting
one of the coordinates equal to a constant. See Figures 16.38–16.40.

Problem 2:
(a) Plot the point with cylindrical coordinates (2, 2π/3, 1) and find its cartesian coordinates.

(b) Find the cylindrical coordinates of the point with cartesian coordinates (3,−3,−7).

Problem 3:
(a) Describe the surface whose equation in cylindrical coordinates is z = r.

(b) Describe the surface whose equation in cylindrical coordinates is r = 1.

(c) Describe the surface whose equation in cylindrical coordinates is θ = π/4.
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Problem 4: Describe in cylindrical coordinates a wedge of cheese cut from a cylinder 4 cm high
and 6 cm in radius; this wedge subtends an angle of π/6 at the center.

Problem 5: Using the diagram below, express the volume element dV in cylindrical coordinates.898 Chapter Sixteen INTEGRATING FUNCTIONS OF SEVERAL VARIABLES
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Figure 16.42: Volume element in cylindrical coordinates

Example 2 Find the mass of the wedge of cheese in Example 1, if its density is 1.2 grams/cm3.

Solution If the wedge is W , its mass is ∫

W

1.2 dV.

In cylindrical coordinates this integral is
∫ 4

0

∫ π/6

0

∫ 6

0

1.2 r dr dθ dz =

∫ 4

0

∫ π/6

0

0.6r2

∣∣∣∣
6

0

dθ dz = 21.6

∫ 4

0

∫ π/6

0

dθ dz

= 21.6
(π

6

)
4 = 45.239 grams.

Example 3 A water tank in the shape of a hemisphere has radius a; its base is its plane face. Find the volume,
V , of water in the tank as a function of h, the depth of the water.

Solution In Cartesian coordinates, a sphere of radius a has the equation x2+y2+z2 = a2. (See Figure 16.43.)
In cylindrical coordinates, r2 = x2 + y2, so this becomes

r2 + z2 = a2.

Thus, if we want to describe the amount of water in the tank in cylindrical coordinates, we let r go
from 0 to

√
a2 − z2, we let θ go from 0 to 2π, and we let z go from 0 to h, giving

Volume

of water
=

∫

W

dV =

∫ 2π

0

∫ h

0

∫ √
a2−z2

0

r dr dz dθ =

∫ 2π

0

∫ h

0

r2

2

∣∣∣∣
r=

√
a2−z2

r=0

dz dθ

=

∫ 2π

0

∫ h

0

1

2
(a2 − z2) dz dθ =

∫ 2π

0

1

2

(
a2z − z3

3

) ∣∣∣∣
z=h

z=0

dθ

=

∫ 2π

0

1

2

(
a2h − h3

3

)
dθ = π

(
a2h − h3

3

)
.

x

z

✻

❄

h
✛

✛

r

r2 + z2 = a2

Figure 16.43: Hemispherical water tank with radius a and water of depth h

Problem 6: For each object below, set up a triple integral of a function f over the object.
(a) blank
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In Exercises 10–11, evaluate the triple integrals in spherical

coordinates.

10. f(ρ, θ, φ) = sin φ, over the region 0 ≤ θ ≤ 2π,

0 ≤ φ ≤ π/4, 1 ≤ ρ ≤ 2.

11. f(x, y, z) = 1/(x2 + y2 + z2)1/2 over the bottom half

of the sphere of radius 5 centered at the origin.

For Exercises 12–18, choose coordinates and set up a triple

integral, including limits of integration, for a density function

f over the region.

12.

5

31

✛

✛✛

✛✛✛
13.

✻
❄
1

✲✛ 4

14.

✛

✛2

✛

✛

4

❄

π/2

15.

2

3

✛

✛
✛

✛

16. A piece of a sphere; angle at the center is π/3.

✛

✛

3

17.

✛

✛

2 cm

✛

✛

5 cm

✛

✛

1 cm

18.

✛

✛

4

✻

❄

2

Problems

19. Write a triple integral in cylindrical coordinates giving

the volume of a sphere of radius K centered at the ori-

gin. Use the order dz dr dθ.

20. Write a triple integral in spherical coordinates giving the

volume of a sphere of radius K centered at the origin.

Use the order dθ dρ dφ.

If W is the region in Figure 16.50, what are the limits of inte-

gration in Exercises 21–23?

x

y

z

4

(2, 0, 4)

Figure 16.50: Cone with flat top,

symmetric about z-axis

21.

∫ ?

?

∫ ?

?

∫ ?

?

f(r, θ, z)r dz dr dθ

22.

∫ ?

?

∫ ?

?

∫ ?

?

g(ρ, φ, θ)ρ2 sin φ dρ dφdθ

23.

∫ ?

?

∫ ?

?

∫ ?

?

h(x, y, z) dz dy dx

For the regions W shown in Problems 24–26, write the limits

of integration for
∫

W
dV in the following coordinates:

(a) Cartesian (b) Cylindrical (c) Spherical

24.

x

One-eighth sphere

y
z

1

1

−1

(b) blank
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In Exercises 10–11, evaluate the triple integrals in spherical

coordinates.

10. f(ρ, θ, φ) = sin φ, over the region 0 ≤ θ ≤ 2π,

0 ≤ φ ≤ π/4, 1 ≤ ρ ≤ 2.

11. f(x, y, z) = 1/(x2 + y2 + z2)1/2 over the bottom half

of the sphere of radius 5 centered at the origin.

For Exercises 12–18, choose coordinates and set up a triple

integral, including limits of integration, for a density function

f over the region.

12.

5

31

✛

✛✛

✛✛✛
13.

✻
❄
1

✲✛ 4

14.

✛

✛2

✛

✛

4

❄

π/2

15.

2

3

✛

✛
✛

✛

16. A piece of a sphere; angle at the center is π/3.

✛

✛

3

17.

✛

✛

2 cm

✛

✛

5 cm

✛

✛

1 cm

18.

✛

✛

4

✻

❄

2

Problems

19. Write a triple integral in cylindrical coordinates giving

the volume of a sphere of radius K centered at the ori-

gin. Use the order dz dr dθ.

20. Write a triple integral in spherical coordinates giving the

volume of a sphere of radius K centered at the origin.

Use the order dθ dρ dφ.

If W is the region in Figure 16.50, what are the limits of inte-

gration in Exercises 21–23?

x

y

z

4

(2, 0, 4)

Figure 16.50: Cone with flat top,

symmetric about z-axis

21.

∫ ?

?

∫ ?

?

∫ ?

?

f(r, θ, z)r dz dr dθ

22.

∫ ?

?

∫ ?

?

∫ ?

?

g(ρ, φ, θ)ρ2 sin φ dρ dφdθ

23.

∫ ?

?

∫ ?

?

∫ ?

?

h(x, y, z) dz dy dx

For the regions W shown in Problems 24–26, write the limits

of integration for
∫

W
dV in the following coordinates:

(a) Cartesian (b) Cylindrical (c) Spherical

24.

x

One-eighth sphere

y
z

1

1

−1
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(c) blank
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In Exercises 10–11, evaluate the triple integrals in spherical

coordinates.

10. f(ρ, θ, φ) = sin φ, over the region 0 ≤ θ ≤ 2π,

0 ≤ φ ≤ π/4, 1 ≤ ρ ≤ 2.

11. f(x, y, z) = 1/(x2 + y2 + z2)1/2 over the bottom half

of the sphere of radius 5 centered at the origin.

For Exercises 12–18, choose coordinates and set up a triple

integral, including limits of integration, for a density function

f over the region.

12.

5

31

✛

✛✛

✛✛✛
13.

✻
❄
1

✲✛ 4

14.

✛
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✛

✛

4

❄
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15.

2

3

✛

✛
✛

✛
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✛
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17.

✛

✛
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✛

✛
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✛

1 cm

18.

✛

✛

4

✻
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2

Problems

19. Write a triple integral in cylindrical coordinates giving

the volume of a sphere of radius K centered at the ori-

gin. Use the order dz dr dθ.

20. Write a triple integral in spherical coordinates giving the

volume of a sphere of radius K centered at the origin.

Use the order dθ dρ dφ.

If W is the region in Figure 16.50, what are the limits of inte-

gration in Exercises 21–23?

x

y

z

4

(2, 0, 4)

Figure 16.50: Cone with flat top,

symmetric about z-axis

21.

∫ ?

?

∫ ?

?

∫ ?

?

f(r, θ, z)r dz dr dθ

22.

∫ ?

?

∫ ?

?

∫ ?

?

g(ρ, φ, θ)ρ2 sin φ dρ dφdθ

23.

∫ ?

?

∫ ?

?

∫ ?

?

h(x, y, z) dz dy dx

For the regions W shown in Problems 24–26, write the limits

of integration for
∫

W
dV in the following coordinates:

(a) Cartesian (b) Cylindrical (c) Spherical

24.

x

One-eighth sphere

y
z

1

1
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(d) blank
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In Exercises 10–11, evaluate the triple integrals in spherical

coordinates.

10. f(ρ, θ, φ) = sin φ, over the region 0 ≤ θ ≤ 2π,

0 ≤ φ ≤ π/4, 1 ≤ ρ ≤ 2.

11. f(x, y, z) = 1/(x2 + y2 + z2)1/2 over the bottom half

of the sphere of radius 5 centered at the origin.

For Exercises 12–18, choose coordinates and set up a triple

integral, including limits of integration, for a density function

f over the region.

12.

5

31
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✛✛✛
13.

✻
❄
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✛
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❄
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✛
✛

✛

16. A piece of a sphere; angle at the center is π/3.

✛

✛
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17.

✛
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✛

✛

5 cm
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✛

1 cm

18.

✛

✛

4

✻

❄

2

Problems

19. Write a triple integral in cylindrical coordinates giving

the volume of a sphere of radius K centered at the ori-

gin. Use the order dz dr dθ.

20. Write a triple integral in spherical coordinates giving the

volume of a sphere of radius K centered at the origin.

Use the order dθ dρ dφ.

If W is the region in Figure 16.50, what are the limits of inte-

gration in Exercises 21–23?

x

y

z

4

(2, 0, 4)

Figure 16.50: Cone with flat top,

symmetric about z-axis

21.

∫ ?

?

∫ ?

?

∫ ?

?

f(r, θ, z)r dz dr dθ

22.

∫ ?

?

∫ ?

?

∫ ?

?

g(ρ, φ, θ)ρ2 sin φ dρ dφdθ

23.

∫ ?

?

∫ ?

?

∫ ?

?

h(x, y, z) dz dy dx

For the regions W shown in Problems 24–26, write the limits

of integration for
∫

W
dV in the following coordinates:

(a) Cartesian (b) Cylindrical (c) Spherical

24.

x

One-eighth sphere

y
z

1

1

−1

Problem 7: Evaluate ∫
W

sin (x2 + y2) dV
where W is the solid cylinder with height 4 and with base of radius 1 centered on the z-axis at
z = −1.

Problem 8: Find the volume between the cone z =
√
x2 + y2 and the plane z = 10 + x above the

disk x2 + y2 ≤ 1.


