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Problem 1: Find all critical points of f(x, y) = x2 + y2. Classify the points as maximums,
minimums, or neither.

Problem 2: Find all critical points of f(x, y) = −
√

x2 + y2. Classify the points as maximums,
minimums, or neither.

Problem 3: Find all critical points of f(x, y) = x2 − y2. Classify the points as maximums,
minimums, or neither.
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Problem 4: Decide whether the points A-G in the contour diagram are critical points. For those
that are, classify them as local maximums, minimums, or neither.

836 Chapter Fifteen OPTIMIZATION: LOCAL AND GLOBAL EXTREMA

Eliminating x gives 9y2+9y−18 = 0, with solutions y = −2 and y = 1. The corresponding values
of x are x = 3 and x = 12, so the critical points of f are (3, −2) and (12, 1). The discriminant is

D(x, y) = fxxfyy − f2
xy = (1)(18y + 18) − (−3)2 = 18y + 9.

Since D(3, −2) = −36 + 9 < 0, we know that (3, −2) is a saddle point of f . Since D(12, 1) =
18 + 9 > 0 and fxx(12, 1) = 1 > 0, we know that (12, 1) is a local minimum of f .

The second-derivative test does not give any information if D = 0. However, as the following
example illustrates, we may still be able to classify the critical points.

Example 7 Classify the critical points of f(x, y) = x4 + y4, and g(x, y) = −x4 − y4, and h(x, y) = x4 − y4.

Solution Each of these functions has a critical point at (0, 0). Since all the second partial derivatives are 0
there, each function has D = 0. Near the origin, the graphs of f , g and h look like the surfaces in
Figures 15.13–15.15, respectively, so f has a local minimum at (0, 0), and g has a local maximum
at (0, 0), and h is saddle-shaped at (0, 0).

We can get the same results algebraically. Since f(0, 0) = 0 and f(x, y) > 0 elsewhere, f has
a local minimum at the origin. Since g(0, 0) = 0 and g(x, y) < 0 elsewhere, g has a local maximum
at the origin. Lastly, h is saddle-shaped at the origin since h(0, 0) = 0 and, away from the origin,
h(x, y) > 0 on the x-axis and h(x, y) < 0 on the y-axis.

Exercises and Problems for Section 15.1
Exercises

1. Figures (I)–(VI) show level curves of six functions

around a critical point P . Does each function have a local

maximum, a local minimum, or a saddle point at P ?
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2. Which of the points A,B, C in Figure 15.17 appear to be

critical points? Classify those that are critical points.
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Figure 15.17

3. Which of the points D–G in Figure 15.17 appear to be

(a) Local maxima?

(b) Local minima?

(c) Saddle points?

Problem 5: Find all critical points of f(x, y) = 5 + 6x − x2 + xy − y2. Classify the points as
maximums, minimums, or neither.

Problem 6: Find all critical points of f(x, y) = x2y + 2y2 − 2xy + 6. Classify the points as
maximums, minimums, or neither.


