980 Chapter Eighteen LINE INTEGRALS
(a,y0) Lo Q = (wo,y0)

Ly Q = (mo,yo)
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Figure 18.31: The path C’ + K, + K, is used

Figure 18.30: The path C’ + L, + L is used
to show f, = I»

to show f, = I

The first two integrals do not involve x(. Thinking of = as a variable and differentiating with

respect to it gives

o [ o [ o [
T ) = 5. F -dr a._ F: ’ a. F; )
Jao (%0, %0) B0 /C/ dr + 3580/1, 2(a, y)dy + 8x0/a 1(2, yo)dx

=040+ Fi(xo,y0) = Fi(xo,%0),

and thus
fm(xvy) = Fl(xvy)

A similar calculation for y using the path from P to ) shown in Figure 18.31 gives
fyo (20, 90) = F2(0, Yo)-

Therefore, as we claimed,

grad f = foi + f,j = Fii + Foj =F .
Exercises and Problems for Section 18.3

Exercises

1. If F = grad(z® + y*), find I F - d7 where C'isthe 5.
quarter of the circle 2 + y?> = 4 in the first quadrant,
oriented counterclockwise.

2. If F = grad(sin(zy) + €°), find fc F . di where C
consists of a line from (0, 0,0) to (0,0, 1) followed by a
line to (0, /2, 3), followed by a line to (v/2, /5, 2).

In Exercises 3-6, let C be the curve consisting of a square of

side 2, centered at the origin with sides on the lines v = £1,

y = %1 and traversed counterclockwise. What is the sign of

the line integrals of the vector fields around the curve C'? In-

dicate whether each vector field is path-independent. In Exercises 7-12, does the vector field appear to be path-
independent (conservative)?
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Find f if grad f = 2zyi + 2% .

Find f if grad f = 2zyi + (2 + 8y3)f.

Find f if grad f = (yze®™¥* + z%cos(zz?))i +

z2e"Y%] + (zye™¥* + 2wz cos(z2?))k .

Let Jj(m,y, z) = 2% 429> + 32" and F = grad f. Find
o I - di” where C consists of four line segments from

(4,0,0) to (4, 3,0) to (0,3,0) to (0,3,5) to (0,0,5).

In Exercises 17-25, use the Fundamental Theorem of Line In-
tegrals to calculate f oF dr exactly.

Problems

18.3 GRADIENT FIELDS AND PATH-INDEPENDENT FIELDS
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F =32% + 4y®7 around the top of the unit circle from
(1,0) to (—1,0).

F = (242)i + (2y+3)7 and C is the line from (1, 0)
to (3,1).

F =2 sin(2z4y)7 +sin(2z+1);j along the path con-
sisting of a line from (7, 0) to (2, 5) followed by a line
to (57, 0) followed by a quarter circle to (0, 5).

F =220 —4yj + (22 — 3)k and C is the line from
(1,1,1) to (2,3, —1).

F o= 2?3 + €™, and C is the unit circle oriented
clockwise.

F = 2% + €™7 , and C is the quarter of the unit
circle in the first quadrant, traced counterclockwise from
(1,0) to (0, 1).

F = ye™i 4+ ze®¥j + (cos z)E along the curve con-
sisting of a line from (0,0, 7) to (1, 1,7) followed by
the parabola z = 7 in the plane y = 1 to the point
(3,1,9m).

—

F = ysin(zy)i + zsin(zy)j and C is the parabola
y = 2z from (1, 2) to (3, 18).

F = 2my226x2y2zf + 2x2yzex2y22f + nyzexzyZZE
and C'is the circle of radius 1 in the plane z = 1, centered
on the z-axis, starting at (1,0, 1) and oriented counter-
clockwise viewed from above.
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Let & = grad(z? 4 3?). Consider the path C' which is a
line between any two of the following points:

(07 0)7 (57 0)7 (_57 0)7 (07 6)’ (07 _6); (57 4)7 (_37 _5)
Suppose you want to choose the path C' in order to max-
imize f o U - dr". What point should be the start of C'?
What point should be the end of C'? Explain your answer.

Let FF = grad(2z2 + 3y?). Which one of the three paths
PQ, QR, and RS in Figure 18.32 should you choose as
C'in order to maximize f oF - dr'?
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Figure 18.32

28.

29.

Compute | (cos(ay)e™ W (y7 +af) +E) - dF

c
where C'is the line from (7, 2, 5) to (0.5, 7w, 7).
The vector field F (z,y) = xi +yj is path-independent.
Compute geometrically the line integrals over the three
paths A, B, and C' shown in Figure 18.33 from (1,0)
to (0, 1) and check that they are equal. Here A is a por-

tion of a circle, B is a line, and C consists of two line
segments meeting at a right angle.
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Figure 18.33



