15.3 CONSTRAINED OPTIMIZATION: LAGRANGE MULTIPLIERS

and solve the system of equations we get from grad £ = 0 :

Z_ﬁ — 905~3/541/5,1/5 _ g0) = 0,
X
Z_‘C _ 101,2/53/—4/52,1/5 — 192\ = 0’
Yy
g_‘C _ 101,2/53/1/52—4/5 — 10\ = 0’
z
oL
o —(80x + 12y + 10z — 24,000) = 0.

Simplifying this system gives

1 5
A= Zx73/5y1/5zl/o’

\ = 2372/53/_4/521/5,

A= 3:2/5341/5274/5,

80z + 12y + 10z = 24,000.

855

Eliminating z from the first two equations gives x = 0.3y. Eliminating = from the second and third
equations gives z = 1.2y. Substituting for « and z into 80z + 12y + 10z = 24,000 gives

80(0.3y) + 12y + 10(1.2y) = 24,000,

so y = 500. Then z = 150 and z = 600, and (150, 500, 600) = 4,622 units.

The graph of the constraint, 80z + 12y 4 10z = 24,000, is a plane. Since the inputs z, y, z
must be nonnegative, the graph is a triangle in the first octant, with edges on the coordinate planes.
On the boundary of the triangle, one (or more) of the variables z, ¥, z is zero, so the function f is
zero. Thus production is maximized within the budget using x = 150, y = 500, and z = 600.

Exercises and Problems for Section 15.3

Exercises

In Exercises 1-17, use Lagrange multipliers to find the maxi- 15. f(z,y) = P4y, rty>1
mum and miniml.lm values of f subject to the given constraint, 16. f(z,y) = (x+3)2+ (y—3)%, 22+y><2
if such values exist.
1. f(z,y) =2’y +3y* —y, a®+y* <10
— 2 2 _

L flzy) =2ty " +y =1 18. Decide whether each point appears to be a maximum,

2. flz,y) = +3y+2, 22+y>=10 minimum, or neither for the function f constrained by

3. fzy) = (@ —1)2+(y+2)?, 22+42=5 the loop in Figure 15.30.

4. f(r,y)=a>+y, 32>+y*=4 @ P b Q © R @ S

5. f(z,y) =3z — 2y, x?+2y°> =44

6. f(z,y) =2zy, bz+4y =100 = 0

7. f(131,$2):z12+$22, r1+x2=1 /

5 5 5 Constraint

8. flzy)=a"+y, 2" —y =1

9. f(z,y,2) =x+3y+5z z2+y*+22=1
10. f(z,y,2) =a® —y*> =2z, 24 9*> ==z

=20
11. f(x,y,2) = zyz, x2+y>+422=12 f=
12. f(z,y) =2 +2y% a® +y° <4 =
N, f=30f=40 / [f=60

13. f(z,y) =x+3y, z°+y° <2 ‘ ‘ ’
4. f(z,y) =2y, x> +2y°><1 Figure 15.30



